Supplementary Materials
Section S1. Eigenvalues and eigenstates of the pyrochlore lattice from TBM The three-dimensional pyrochlore lattice has a unit cell that aligns itself very nicely with the face-centered cubic (FCC) lattice with lattice constant 0 . When we apply TBM to the real space Hamiltonian with nearest-neighbor coupling we retrieve the bulk momentum space Hamiltonian 
where we use = / 0 for convenience. The eigenvalue problem for this Hamiltonian is ) and we retrieve the energy eigenvalues by diagonalizing the Hamiltonian to obtain 1,2 ( ) = + − 0 (doubly degenerate) 3,4 ( ) =
Section S2. Critical coupling ratio when zero-energy corner state intersects the bulk continuum
From here on, we scale the Hamiltonian such that the zero-energy state resides exactly at the onsite energy 0 , effectively setting 0 = 0 with no loss of generality. To find the value of coupling ratio where the zero-energy corner state intersects the bulk, we consider when the upper band (represented by the eigenvalue that subtracts the radical, 4 ) in the unit cell diagram Fig.  2A -B is aligned with the upper bulk band in the energy spectrum Fig. 3A . The lowest points of the upper dispersive bands are always located along the X-W line (Fig. S1 ). From here we can conclude that the upper bulk band must intersect the zero-energy mode when 4 ( , , ) = 4 (0,2 , 0) = 0 (S4) where = (0,2π, 0) corresponding to the X high symmetry point in the Brillouin zone ( Fig. 1C ).
After some arithmetic, we find that the coupling ratio must be
Because the bulk polarization has to be nontrivial to guarantee the presence of 3 rd order corner modes, the coupling strengths have to meet the condition < . Therefore, we toss out second solution to obtain = 1/3 as the final solution to the critical point when the corner modes intersect with the bulk continuum.
Section S3. Generalized chiral symmetry for crystal with four sublattices
We propose a new symmetry in the crystal with four sublattices when the interactions occur only between sublattices, called the generalized chiral (sublattice) 
where these transformations are unitary, hence, H i share the same eigenvalues. If H 0 satisfies the conditions in Eqs. (S7), we claim the generalized chiral symmetry Γ 4 of H 0 is preserved.
The generalized chiral operator Γ 4 has the following properties,
(1) The eigenvalues of Γ 4 are 1, , −1, − .
(2) The trace of H 0 is zero if it preserves the generalized chiral symmetry Γ 4 .
(3) Four fold degenerate zero energy states only localize at one of the four sublattices. (1) 
Proof of property
The eigenvalue equation of Γ 4 can be written as Γ 4 |φ〉 = g|φ〉 (S11) g has to be 1, , −1, − in order to meet the condition Eq. (S11). One possible unitary form of Γ 4 is found to be
Proof of property (2). From Eqs. (S7) it is straightforward to see
Similarly, (H 2 ) = (H 1 ), and (H 3 ) = (H 2 ) (H 0 + H 1 + H 2 + H 3 ) = 0 (S13) which means (H 0 ) = 0 (S14)
From the property (2) it can be concluded the sum of eigenvalues of ℋ 0 ( ) in Eq. (S1) is zero if Γ 4 is preserved, which can be verified from Eqs. (S3). 
Proof of property (3). Let
which indicates that the transition probability from site to site within the same sublattice is zero. H 0 can be expressed as the summation of its projection among different operators H 0 = ∑ P H 0 P ≠ (S17)
Now, assume the eigenstate |u n 〉 of H 0 be the zero energy eigenstate, equivalently H 0 |u n 〉 = H 1 |u n 〉 = H 2 |u n 〉 = H 3 |u n 〉 = 0 (S18)
We take one of the projectors from P A in Eqs. (S15), which acts on the zero energy states and selects the one of the sublattice states [H 0 |u n 〉 + Γ 4 H 3 |u n 〉 + Γ 4 2 H 2 |u n 〉 + Γ 4 3 H 1 |u n 〉] = 0 (S19)
The same result is obtained if we replace P A with other projectors. Thus, zero energy states with four fold degeneracy will localize only at one of the four sublattices.
Section S4. Trivial insulating phase
To demonstrate the bulk-boundary correspondence, it is helpful to consider the trivial insulating phase of the structure as well, called the shrunken lattice. We fabricated another model of the acoustic lattice for > and = 10.16. Fig. S2 shows the normalized density of states for this trivial phase where we used the same selection function method as in Fig. 3B . As expected, there are no in-gap modes and the energy at each site only resides in the lower or upper bulk bands. Fig. S1 . Condition for the upper dispersive mode to approach the zero-energy line. We set = 1 and vary from 0 to 1/3 (shown by increasing saturation). As soon as the coupling ratio reaches 1/3, the lowest point of the upper dispersive mode intersects with the zero-energy line. Fig. S2 . Experimental demonstration of the trivial phase. The normalized frequency response spectra for the shrunken lattice obtained from the measurements Each region's spectra (bulk, surface, edge, and corner) were obtained by filter functions of bulk (yellow), surface (purple), edge (blue), and corner (red), respectively.
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